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Abstract. We give some estimates of type sup x inf on Riemannian 
manifold of dimensions 4, 5 and 6 for the Yamabe type equation. 



1. Introduction and Main Results 

In this paper, we deal with the following Yamabe type equation in dimen- 
sions n = 4, 5, 6 

n + 2 

- AgU + h{x)u = n{n - 2)u^-\ u>0, and = - — -. (1) 

4(n — l)h 

where h is a. continuous function. In the case = i?„ the scalar 

n-2 _ ^ 

curvature, ([T) is the Yamabe equation. Here, we assume h a bounded func- 
tion and ho = | |l°°(m)- The equation ^ has been well studied when 
M = C M" open, or M = §„, see for example, [2]-[l4l|, fHl, fT6l and 
references therein, where sup-inf inequality or Hamack type inequalities are 
derived. 

The corresponding equation in two dimensions on open set f2 of R^, is 

- Au = V{x)e'', . (2) 

The equation ^ has also been studied by many authors and we can find 
important results about a priori estimates in []9], [1101 . [1T3]| . [[TTll . and ETI . 
In particular, in [10] we have the interior estimate 

sup u < c = c(inf V, 1 1 V| |loo(q), inf u, K, Q). 

And, precisely, in [|9l, [[Bl, [HH, and [|2ll, we have 

C sup u + inf M < c = c(inf V, \ \V\\L°°{n), K, fl), 

and, 

sup u + inf M < c = c(inf V, 1 1^| |c«(n)5 K, Q). 

where is a compact subset of fi, C is a positive constant which depends 
inff7 V 

on — , and, a E (0, 1 . 

sup^V 
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When M is a compact Riemannian manifold, some compactness results 
have been proved for the equation ([1), see [191. In [fT9l . Li and Zhu proved 
that the energy is bounded and if we assume that M not diffeomorphic to the 
three sphere, then the solutions are uniformly bounded. To prove this result, 
they use the positive mass theorem. For general Riemannian manifold M 
of dimensions 3 and 4, not necessarily compact Li and Zhang [18J proved 
that the product sup x inf is bounded. The first author obtained Hamack 
type inequality for the solutions of 

- 8Au + RgU = V{x)u^, u>0 (3) 

under certain conditions on V in \ 5\ and 

There are other estimates of type sup + inf on complex Monge- Ampere 
equation on compact manifolds, see [21-22] . They consider, on compact 
Kahler manifold (M, g), the following equation: 

Ug + ddip > on M 

And, they prove some estimates of type supj^^ +m inf m < C or sup^ +m inf ^ > 
C under the positivity of the first Chem class of M. 

In this paper, we will prove a Hamack type inequality for equation ([Tj). 
Precisely, 

Theorem 1.1. Let (M, g) be a Riemannian manifold of dimension n = 4, 
5 or 6 and let K C M be a compact set. Then, there exists a positive 
constant c, which depending only on Iiq = \ \h\\Loo, K, M, the metric g and 
dimension n such that 

sup M X inf M < c, (4) 

K M 

for any solution u of the equation ([7P. 

Our proof is an extension of Brezis-Li [8] and Li-Zhang result in dimen- 
sion 3 and 4 |[T8l . We refer to [18] for exposition on importance of studying 
these inequalities on manifolds. The proof of Theorem 11.1 [ relies on moving 
plane method together with some ideas in |[T8l and |[T9l . The equation ([T]) 
is first written in local coordinates ([T8l) which gives an expression for the 
Laplace-Beltrami operator as a perturbation of the usual Laplace operator 
and do blow up analysis. Then constructing suitable auxiliary function, we 
apply Lemma 2.1 of [[T9ll . Here, we wish to point out that the restriction on 
dimension n is due to difficulty in estimating the perturbation terms of the 
Laplace-Beltrami operator. With finer estimates, the result could possibly 
be extended to higher dimension. 

Note that our result is true for more general equations where h may not 
be the scalar curvature. Also, we extend the result of [5], where in the case 
h = e E (0, 1) and solution of 

-Am, + eu, = V,uf-\ u, > 0. (E,) 

we have 
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Corollary 1.2. For all compact set K of M there is a positive constant 
c, which depends only on, K, M, g, n such that: 

sup Ue X inf Ue < c, 

K M 

for all u solution of (E^). 

Now, if we assume M a compact Riemannian manifold and < a < 
Ve <b < +00 then 

Theorem 1.3. ( see [3]). For all positive numbers a, b, m there is a posi- 
tive constant c, which depends only on, a,b,m, M, g such that: 

e sup Ue X inf Ue > c, 

M M 

for all Ue solution of {E^) with 

maxMf > m > 0. 

M 

As a consequence of the two previous theorems, we can argue as in [|3l 
that 

Theorem 1.4. For n=4, 5, 6, we have 

maxMg — > 0, 

M 



and (up to a subsequence). 



2. Proof of the Theorem [UJ 
We claim that for any e > 0, 

e"^^ max u x min u < c = c(a, 6, A, M, g). (5) 

Arguing by contradiction, we assume that there exists a sequence — )■ 
and solutions Uk of ([B such that 

max Uk X min Uk > ktk^'"". (6) 

B{0,efc) B(0,4efc) 

The proof of the theorem consists of two main steps. The first is blow 
up analysis where we analyze the consequence of assuming (|6]) and obtain 
equations in local coordinates. In the second part, we wish to apply Lemma 
2.1 of [20| and the moving plane method. This involves constructing a 
suitable auxiliary function and obtaining correct estimates. 
Step 1: Blow-up analysis 

For some Xk G 5(0, Cfe), Uk{xk) = maxB(o,ek) Uk, due to ©, 

Uk{xkfek +00. 
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By a standard selection process, we can find Xk E B(xk, efc/2) and E 
(0,efc/4) satisfying, 

Ukixkfcfk +00, (7) 
Uk{xk) > Uk{xk), (8) 
and, Mfc(x) < CiUk{xk), in B{xk,(Tk), (9) 
where Ci is some universal constant. It follows from above Q, ^ that 
Ukixk) X min Ukek > Uk(xk) x min Ukek > A; — )■ +00. (10) 

Let {z^, . . . , z"} denote some geodesic normal coordinates centered at Xk 
(we use the exponential map). In the geodesic normal coordinates, the met- 
ric g is given hy g = gij{z)dzdz^ where 

g,,{z) - % = O(r^), g := det{g,,{z)) = 1 + 0{r^), h{z) = 0(1), (11) 

where r = Thus, 

AgU = -^^i{^/gg''^^ju) = Au + hdiU + dijdijU, 

where 

b, = 0(r), rf,, = Oir') (12) 

We have a new function 

Vk{y) = M,\k{M^^'^''~'\) for \y\ < SekM^J^''-'^ 
where Mk = Uk{0). From ^ and (fTOl ) we have 

AtJfc + 6j9jffc + dijdijVk - cvk + ffc^"^ = for \y\ < Se^Mf''^""^^ 

t;,(0) = 1 

Vkiv) < Cifor |y| <afcMf"-') 

(13) 

where Ci is a universal constant and 

Hy) = m;^/("-^)6,(m;^/("-^)|/), d^ = d.^M^'^^'^'^y) (14) 

and, 

c(y) = M;'/(""')/.(M;'/("-')y). (15) 

We can see that for \y\ < Se^M^^^'^"^-', 

\k{y)\ < CM;'/^-'^\yi \d.M\ < cm;^/^"-^)^^, mi < cm,"'-'^ 

(16) 

where C depends onn, M,g. 

It follows from (fT3]) . (fT4l) . (fTSl) . (fT6l) and the elliptic estimates, that, along 
a subsequence, Vk converges in norm on any compact subset of to a 
positive function U satisfying 

77 + 2 

AU + t/^-i = 0, in R", with N = —— . 

n — 2 } (i /) 

f/(0) = 1, 0<U <1. 
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According to Caffarelli-Gidas-Spruck, see [10] we have an explicit form of 

U 

U{y) = (1 + |yn-("-2)/2_ (18) 

Step 2: The Kelvin transform and moving-plane method 

Forx e M" and A G Ml, let, 

-^(^)-^-^(^ + ^) (19) 

denote the Kelvin transformation of Vk with respect to the unit ball, defined 
on iR" U {oo} \ {0} and e = (1, 0, ...0). If we denote 

Uo{y) = T-!;-,u(e+ y 



n~2 \ ^ < |^|2 



I \ (n-2)/2 



(20) 



;i + 2yi + 2|yh 

then 

vl^UoinCUR-UioojMO}). (21) 

Note that Uq is still a solution of GT]) and f7o(-e/2) = 2("-2)/2 
maximum of Uo{y). Hence has a non degenerate, local maximum near 
— e/2 for all large k. To arrive at a contradiction to our assumption (|6j,we 
use the same method as in fl9] of moving-plane, precisely Lemma 2.1 in 

lfT9]| to show that U < near the point e* = (-1/2, 0, ...0) = -e/2. 

Note, that, if we consider Xk = exp^.^(M^^^*^"^^''e), we work in the con- 
formal coordinates in the exponential map around this point, for the blow-up 
analysis. A computation gives, 

diVkij^) = Ivr^^iin - 2)yivl{y) + - 2yiy,n)dmvl{y)), 

\y\ 

and, 

y 

with, 

in-2\ 



ai = {n- 2)(5ij|yP - nyiyj\y\ 



Am = \y\'' {{n-2){5im\y\^ -2yiym){yi-yj) 

-2{5imyj\y\^ + 5ijym\y? + 5jmyi\y? - 2yiyjy^,)] 

and, 

Imi = br^^l^imbP - 2yiy^){6ji\y\'^ - 2yjyi). 
The function vl satisfies the equation: 

^vl + {vlf-' = E,{y) 
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where, 



Ei{y) = 



\y\ 

-c-(e+^K(e + ^) 



Thus, vl is a solution of an equation 

A^;^ + dmidmivl + bmdmvl + cvl + {vlf-' = 0, 

with, 

\dml\ < C 

K\ < c 

and, |c| < C 







-2) 












-2) 










-4/(n- 


-2) 


U,|4 



Thus, if we denote 

Lfe := A + dmldml + ^m^m + C, 

then for any function (7, 

LkQ — )■ A^f as /c — )■ 00 

//"^ay, dmig, dmQ and eg are all uniformly bounded. 

For A < 0, set = {y, y, = A}, = {y, yi > A} and = 
\y\ < r-'^'} . Let 

^ vl{2X - yi,y2, . . . ,yn) 

and, 

1 1,A 

wx := - Vf^' . 

Then, 

LfeWA + bwx = Fa, 

where, 

and b{x) lies between ^^^(a;) and vl'^{x). 
From the expression of vl and v];'^, we have 

1,A. - ~- 1 1 



|yA|n— 1 |yA|n' 
|yA|n |yA|n+l' 
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Hence, for y E T.'^, 

\dmidmiwx\ < C ^ iv^ + 



\y\ \y\ \y 



n+l ■ 



M,"^^^""^^ 1 1 
\bmdmWx\ < C- 



y\3 |^|n-l 



\cwx\ < C— ^ 



^-4/(n-2) 



n-2 



Recall that iRkM^^'-" < < T^^RkMl'^'' Rk ^ and rjo is a 
constant chosen later. Observe that for dimensions 3 < n < 6, all of 

\dmidmiU!\\, \bmdmU!\\, \cw\\ — )■ Uniformly as/c — cxd, independent of A < 0. 

(33) 

Furthermore, 

K^m 'Jmj'-'m^k I — L,|4L,A|ri-2 ' 



y\ _ rAI _ 4UA n-2 ^ 



and. 



implies that 



First of all we have the following lemma as in [[191 

Lemma 2.1. There exists constants Aq < —2 and Cq = Co{n, fi) > 0, 
Zjo^/i independent ofk such that: 

vliy) - vliy'-) > Coil + \y\r-{yi - X) 

— 1/2 

foryi > Ao |y| > • 

Proof. To prove our estimate, we consider two sets \y\ > 5 > and 5 > 

— 1/2 

\y\ ^ 'i"k ■ '^h^ fi^^*^ '^h^ same technique as in Prajapat- 

Lin paper ( [fTQl ). we use the convergence of vl to Uo and choose |A| big 
enough to have our estimate. For two positive constants Ci and C2 we write 
the estimate as follows: 

vliy) - vliy') > |A|^(yi - A) - f^iy^ - A). 

\y\ \y\ 
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For \y\ > S, 



y 



\y\' 



1^ < 1/5. Using convergence of Vk to U in norm 



in B{0,l/6) we have C" > > C > for \y\ > 6. We write 

vl{y)-vl{y') 

1 1 \ fj^ 



|y|n— 2 |yA|n— 2 
Vk 



Vk 



+ 



y 

\y\' 



Vk 



y 



\y 



A|2 



X\n-2 



\y 

--: h + h. 



y 



y 



\y? \y 



A|2 



\y? \y^? 



(35) 



Note that 



Vk 



y 

\y? 



Vk 



\y 



A|2 



y 



\y? \y^? 

appearing in the second term in (|35T ) can be estimated by Vf/ in the compact 
set I y I < I as in [fT9ll again using the convergence of Vk. While 



y'^ y-r , 1 



+ y% 



\y\2 \yX\2 \y\2 ^ ^ \y\2 \yX\2 > 

Since yi > A we have \y^\ > —X thus, 

A{yi-X)y\ ^ %1-A) 



\y\' 



\y\'^\y 



A|2 



My 



A|2 



< 



It follows that 



and 



y 

\y? \y^? 



y' ^ 6(yi - A) 



\y\' 

C{yi - A) 



\y\2\yX\n-2- 

To estimate the first term Ji, since f a; > c > and yi > A, we have 



(36) 



1 



1 



2 |yA|n— 2 

We now use the binomial formula: 



Vk 



y 

\y\' 



> c 



\y 



\\n-2 



\y\ 



n-2 



|^|n-2|^A 



n-2 



\\n-2 



\y 



Observe that 



\yr-' = i\y'\-\y\m' + ... + \y'\'),k = n-3 



|^A|2_|^|2) -4X{y,-X) 



\y'\ - \y\ 



\y\ + \y' 



\y\ + \y' 
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Thus, 



A| 



and 



\y\ + \y 



y \ -A\{y^-\){\y\^ + ... + \y^\^ 



\y\n-2 \yX\n-2j ^ y\y\2 J (|^| + |^A|)|^|n-2|^A|„-2 

Finally, because \y^\ > we have 

\y\k + ... + \y>^\k ^ \yr'\\y\ + \y^\) 1 



{\y\ + ly'lM'^-W-' {\y\ + ly'lM^-'m""^' my'l""-'' 

It follows that 



Therefore, 



\y\n-2 \yX\n-2j y\y\2 J |^|2|^A|n-2- 



il + i2 > C I lol M„ n - 



|^|2|^A|n-2 |y|2|yA|n-2 

with c, C > and for —A big enough, we have the required inequality. On 
the annulus Ak{6) := {y : r^^^^ < \y\ < S}, using the maximum principle 
for we have 

min vl = min vl (37) 

where the boundary dAk{6) is the union of two set \y\ = and \y\ = 6. 
From (l20l) . f7o(0) = 1. Hence for given e > small, there exists 5o > 
such that for all \y\ < 6o, 

l-e = Uo{0) -e< Uo{y) <l + e = Uo{0) + e. (38) 

Choosing e sufficiently small, we have 

f/o(y)>(l-|)forallb|<5o. (39) 

While, for y e 5(0, 5), E B{Ox, 5) where Oa := (2A, 0, . . . , 0) is the 
reflection of origin. We have 



< 



< 



(l + 2(2A-yi) + 2|?/^P)("-2)/2 
1 

(l + 2(2A-yi) + (2A-yi)2)("-2)/2 
1 

(1 + 2(2A -6) + (2A - 5)2)(«-2)/2 
1 

(1 -2(5-2A) + ((5-2A)2)(«-2)/2 
1 



(5 - 2A - l)("-2) 



(40) 
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for A < — 2 and < 6 < Sq. From convergence of vl to Uq in B(Ox, 6), 
we have 

vl(y^) <{l + ^)Uo{y^)inB{0,5). (41) 



Note that 



1 (n-2)/2 

mm Vj^ = rj, mm Vk 

> (1 + e)r["""^^/^ min U{e + y) 
= (1 + e) min Uo{y) 

> (l + i)C/o(0) = (l + |). (42) 
Using convergence of vl to C/q on the compact set \y\ = 5 we have, 

min > (1 ) min Un. (43) 

{\y\=5} - ^ 10^ {|2/|=5} 

In either case, for S < Sq, 

minvl > (l + l)t/o(0) = (l + ^) 
Ak{S) 2 2 

> a+'^)Uo{y') 

> {l + i)vl{y')+e/10 (44) 

□ 

Recall that wx satisfies 

LkWx + bwx = Vx in (45) 

where 

- li/l-li/^l'-^ ^ ' 

Now, consider the "auxiliary function" 

hx = Arf'^/'G^y, 0) - j G\y, v)Qx{v)dv, (47) 

with 

:= ^ = C,M;'/^-'^Qx (48) 

where we define 
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for simplicity of notations. Here we choose constant Ci > (big enough) 
later. Note that 

A/.. = = ^i^^ --. 

(lz/|+rr^Y(|2/|-A)(«-2) 

It can be verified that 



The function h\ satisfies the following properties: 

Lemma 2.2. The functions b and h\ satisfy the following properties 

( i) For all Xq < X < — |, 

< Ky) < ^ in K (50) 

(ii) The auxiliary function h^{x) = on xi = X, Xq < X < —\ and 
h^{x) = 0{\x\~'^) for a constant T > 0; 

(Hi) hl{x) G Ci(S^) and 

0<h,{y) < Ar;("-)/^G\y,0) + C;M-/('^-)^^o(l)(51) 

\y\ 

Lkhx > CiQx. (52) 

(iv)h^\x) < wxoand that both and V '^'"^ continuous with respect to 
both the variables x and X in T,'y^. Moreover, 

LkWx + bwx < CiQx < Lkhx (53) 

and hence, 

Lkiwx-hx) + biwx~hx)<-bhx<0. (54) 

Most of the estimates mentioned from (i)-(iv) above are similar, but much 
simpler than those in section 4 of [19J . and we refer the reader to that paper 
for details. 

However, observe that we cannot apply Lemma 4.1 of [[T9l directly, as 
our operator is L^. Here the crucial step is to have correct estimates for the 
perturbation terms in Lkh^, which we obtain in the following lemmas. 

3. Estimates for L^h^ 
Lemma 3.1. ( Estimate of G^{y, 0) ) The function G^{y, 0) satisfies 



r^yr^-4/(n-2) 

\dmid^iG\y, 0) + b^d^G\y, 0) + cG\y, 0) | < rt'^^' |y|V|n^2 ' 

(55) 

and hence 

LkG\y,Q)<C2rt~^'^'^Qx. (56) 
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Proof. From the fact that, 

G\y.Q) = cM-''-\y^?-''). 

we have, around and +00, 



4/(n-2) ^,.-4/(n-2) 



fc 



and. 



I ^ I 2/ j ^ ^ j I ^ I ^tj^ I ^ ^ 



/l#-4/(n-2) ^,^-4/(n-2) 



For the previous expression, we remark that, around 
Thus, 



|3| ln-1 I |2| in I |4| in-2 \ i |4 -(n-2)/2 



r^/M'-4/(n-2) 

0) + hmdmG\y, 0) + cG^(y, 0)1 < r["-')/2^__ 

I I I 



and hence 



□ 



Now, we look at the second term in hx by setting, 

u^- j G\y,ri)Qx{7])dri 

We have that uisa solution of a Dirichlet problem on T,'^ 

Lemma 3.2. ( Estimate for u:) For the function u, we have 

= CiQa (57) 
\dmidmiu + hmdTnU + cu\ = o{l)Qx. (58) 

Proof. We want to prove that, 

\dmldmlU + hmdmU + Cu\ = o{l)Qx 

Because of the expression of G^, we consider m as a difference of two con- 
volution product on E^. Thus, to differentiate u is equivalent to differenti- 
ating Qx inside the integral plus the boundary term. Our aim is to estimate 
the auxiliary function and its derivatives of order less than two near infinity. 
Write, 



= j G\y,rj)Qx(v)dv 



-u 
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and, 

u-u = - J G^{y,ri)Qxiv)dv 

We denote the retiection of Sa, with respect to the hyperplane Tx — 
{yi = A}, i.e., := {y e : yi < A}. Thus, 

-u ^ Cn{\y -ril'^-'' -\y-r)^\'^-'')Qx{r))dri 



j \y-v\'~''Qx{v)dv- j \y-v\'-''Qx(v')dv, 

J \y-v\'"'Qx{v)dv- J \y-v\'"'{Qx{v) + Qx{v'Mm 



^3 



where 



f + v (60) 

feC^iW), Af = QxmlR^ (61) 
and Av = in Sa. (62) 

Behavior of u and u — u near infinity: Let (p a cutoff function in the unit 
ball, i.e., 

< 9? < 1, ^ = 1 on B{0, 1/2) and, = in M'' \ 5(0, 1) 
We write, 

/ = /l+/2, 

where, 

/i = j \y - v\^~"'Qx{v)^dr] and 
/2 = y \y-v\'-''Qx{v){l-<p)dr}. 

Then, 

^fi=Qx^ and Af2 = Qx{l-^): 
We use the Fourier transform to prove that /2 is in the Schwartz space and 
thus, 

I/2I < C\y\'-\ \dM < C\y\'-\ \d'M < C|y|-" 
For /i we use the fact that in the present case, |y| is big enough, and we 
differentiate inside the integral, (1 77 1 < \y\/2^ \y — v\ > ||/|/2) to conclude 

l/il < C\y\'-^, \dh\ < C\y\'-^, laVil < C\yr 

Thus, for |y| large, 

I/I < C\y\'-^, \df\ < C\y\'-\ \d'f\ < C\y\-^. (63) 
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For V, we have y and the integral is taken over the reflected set S 
We set. 



Rx{v) = Qx{v) + Qx{v'), 



so that 



viy) = J \y-ri\'-'^R,{v)dv, 



Sin{|7,|>|2/|/2} 



\y-^\^--R^{^)d7j- [ ly-nl'-'^Rxm) 

Jsin{\r,\<\y\/2} 



Second integral: If I77I < |y|/2 then \y — r]\ > \y\/2 and thus. 



\y-Vr''Rx{v)dv 



Eln{\v\<\y\/2} 



< 



Cr^lyp-" if n = 4 
C|yp-" if n = 5,6. 



(65) 



First integral: First, we have. 



\R,{v)\<C{l + \r]\) 



-2-n 



If\y-V\ < |y|/2,then. 



J \y-v\'-^Rx{v)dv 

Eln{\^\>\y\/2} 

<|i?,(|y|/2)| J \y-n\'--dri<C(l + 



{\ri-y\<\y\/2} 



if|t/|/2< |t/-77| <3|y|. 



J \y-ri\'-''Rxiv)dv 

Eln{\ri\>\y\/2} 

<\Rx(\y\/2)\ J ly-vl'-^'dv 

{\y\/'i<\v-y\<3\y\} 
<C{l + \y\r\ 
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and for 3\y\ < \y - t]\, \7]\ = \y - r] - y\ > 2\y\, and thus, \7] - y\ = 
1^1(1^^- nl > 1^1/2- With|6'^| = 1 the angular part of 77. Thus 



J \y-r]\'-'^Rx{v)dv 
sln{\v\>\y\/2} 

{\'n\>\y 
-C\y\'- J 



{\v\>\y\m 



r dr 



{r>\y\m 



-C\y\-\ 
Thus, in this case too, we have 



1^ I .Crfe|y|2-"ifn = 4 
' '''' -^C\y\''-- if n = 5,6. 



Estimate of the first derivatives of v: We have. 



(66) 



div^ J {yi-Vi)\y-v\ ''R\{v)dv- J {yi-Vi)\y-v\ ""Rxiv) 

Sin{|T?|>|t/|/2} Ein{\v\<\y\/2} 
Second integral: If It^I < \y\/2 then \y — rj\ > \y\/2 and thus. 



iyi-Vi)\y-v\ ''R\iv)dv 



sln{\v\<\y\/2} 



< 



Cr,\y\^-^ if n = 4, 
C|y|i-" if n = 5,6. 



First integral: First, we have, 

\Rx{v)\<c{i + \v\r'-\ 

if\y-v\ < |y|/2,then. 



{yi-Vi)\y-v\ ''Rx{v)dv 



mn{\v\>\y\/2} 



(67) 



< \Rx(\ym J \y- vl'-^'dT} < C(l + \y\)-'- 



{\v-y\<\y\/2} 
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If |2/|/2< <3|2/|, 



pin{\'n\>\y\/2} 



I 



\y-vr''drj<C(l + 



-l-n 



{|2/|/2<|r?-2/|<3|j/|} 



For3||/| < \y-r]\, \v\ = \y - V - vl > 2||/|, and thus, \v - y\ = \v\iK - 
y/\v\\ ^ kl/2- With l^^l = 1 the angular part of 77. Thus 



{yi-Vi)\y-v\ ''R\{v)dv 



Sin{|7,|>|2/|/2} 



< c\yr J ivr'-'^dv 

{\ri\>\y\m 
= C\y\-'' j r-^dr 

{r>\y\/2} 

= C\y\-'-''. 



Thus, 



\^^V\ < 



Crfc|y|i-" if n = 4 



C|yp-'* if n = 5,6. 
Estimates for the second derivatives: We write. 



dijV = 



j d,{{y.-Vr)\y-vr)Rx{v)dv 
I2/I/2} 

j dj{{y,-rj,)\y-riDR^{ri). 



^in{\v\>\y\/2} 



Sln{|r,|<|2/|/2} 

Second integral: If < \y\/2 then |y - 77] > \y\/2 and \dj{{yi - r]i)\y 
^ |y — r^l""', thus. 



dj{{yi - vi)\y - vr)Rx{v)dv\ < 



s^n{|7,|<|y|/2} 



Crfe|y|-" if n = 4 
C|y|-" if n = 5,6. 



First integral: We use an integration by part, 

/ 



S^n{|r,|>|2/|/2} 



\y-v\~ 



Sin{|r,|>|j/|/2} 



9(S?n{|(T|>|j/|/2}) 
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From, the computation for the first derivatives, we have. 



/ 



'^'ldjR,ir])dr]\ < C\yr, 



stn{|»?|>|j/|/2} 



\y-v\ 



The boundary term has the following decomposition, 9(S^n{|?7| > ||/|/2}) = 
{d^D n {\r]\ > \y\/2})) U (S^ n {|7^| = \y\/2}). For the first boundary, 
i/j(cr) = for j 7^ 1, and thus, 

9{SJn{|a|>|2/|/2}) EJn{|a|=|j/|/2} 

Clearly, we have. 



\y - c^l 



\R,{a)\\iyj{a)\da<C\yr, 



S»n{|a| = |j/|/2} 

Thus, for j 7^ 1, we have: 

Crfc||/|~" if n — 4 
C|7/|-'* if n = 5,6. 



But, Av = 0, thus, 

i;^ I iV";^ j Crk\y\-'' a n ^ 4 
\diiv\ = \2_^diiv\ < < 

i=2 \ 

Finally, we have: 

Crk\y\^~'^ if n = 4 



C|y|-" if n = 5,6. 



\diu\ < 



C|l/|i-" if n = 5,6. 



and, 

la I / }Crk\y\~'' if n = 4, 
\C||/|-" if n = 5,6. 

Estimate for u — u: Around infinity, we use the fact that, y is big enough 
(\t]\ < \y\/2 ^ \y — v\ > 1 1/1/2) and we differentiate inside the integral, to 
have: 

\u-u\<C\y\'^-", \d{u-u)\<C\y\^-'', \d^{u - u)\ < Clyl-"". (68) 

Behavior of u and li— it near 0: The function /2 is smooth and solution of an 
elliptic equation with Qx{l — (p) G C°°(R"), thus, by the elliptic estimates, 
we have, 

||/2||c2(S(0,l)) ^ 

We write the function /i as, 

/ \y-v\'-''Qx{v)'pdv 

5(0,1) 
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note that, \Qx{ri) \ < Crl and thus, 

\My)\<Crl 

Moreover, we can write 



difi^ J {yi-r]i)\y -r]\ ''Qx{r])cpdr] 



B(0,1) 

Thus, 



\difi\< j \y-v\'-''Qx(v)'pdrj<Crl 



5(0,1) 

Also, we can write, (see, Gilbarg-Trudinger), 



drjfiiy) = J d,{{y,-r].)\y-vr){Q,{7iM7i)d7i 

B(0,1) 

+Q\{y)^{y) j {yi- (^i)\y - (^V'da. 



dB{0,l) 

Thus, 



\dijfi(y)\<C j \y-rjr\Qx(rjMrj)-Qx(yMy)\drj + Crl 



5(0,1) 

We write, 

\Qxiv)viv) - Q\{y)v{y)\ 



/ 



\y - 

5(0,1) 



/ 



\Q\{i)^ij]) - Q\{y)^{y)\ 



dr] 



|y-r/|" 

5(0,l)n{|r,|>|y|/2} 

f \Qx{vMv)'Qx{yMy)\ , 
^ J 

B{0,l)n{\r,\<\y\/2} 

Second integral: We have I77I < \y\/2, thus \y — r]\ > \y\/2, and thus, 

\y-vrmvMv)-Qx{yMy)\ 



5(0,l)n{|ryl<|j/l/2} 
„2 



5(0,l)n{|r,|<|2/|/2} 



\y\ • 

First integral: We write, 

Q\{v)v{v) - Q\{y)v{y) ^{V- Z/)VQa(0> with, ^ between 77 and y, 
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We remark that, 

If bl < lel < |r/|,then, 

\^Qx{0\<C{\y\+r^'^y<Crl/\y\ 
If |l/|/2< Ir^l < < \y\, 

\VQx{0\<CM+r-'/y<Crl/\y\ 

Finally, we have: 

\d.jfi{y)\<Crl/\y\ 

Now, we estimate v near 0, as for / we decompose v in two functions Vi 
and t>2, and we see that y E T,x small enough is far from the symmetral 
of Sa. And we differentiate inside the integral to have: 

\dijVi{y)\ < Crl and \dijV2iy)\ < C. 

— 1/2 

Now, for u — u,we use the fact that \y\ > crrf, with a > 1 and the elliptic 
interior estimates to have (we differentiate inside the integral) 

\u-u\co(^B{o,i)) < Crk, \u - u\c^B{o,i)) < Crl^^, \u - u\c^(b{o,i)) < Crl 
It follows that 

\dmidmiu + hmdmU + cu\ = o{l)Qx (69) 

and that 

Luu = (Ci + o{l))Qx. (70) 

□ 

As in [fT9l . we have the following lemma (which we state without proof) 
Lemma 3.3. . For Qx, we have in ^'xfar A < —1/4 and for large k: 

^(n-2)/2 J ^x^y^ r^)Q,{r^)d7^ = o{l)G\y, 0). 

If , we chooseA > small enough in the definition of hx, we have, 

hx>0, 

Lkhx > CiQx- 

We can now use Lemma 4.1 of [fT9l to obtain a contradiction, and this com- 
pletes the proof of Theorem 11.11 
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